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Abstract
The 14 Killing vectors of the target space for five-dimensional mini-
mal supergravity reduced to three dimensions are explicitly constructed
in terms of the original field variables. These vectors generate the Lie
algebra of G2. We also construct a symmetrical 7× 7 matrix represen-
tative of the coset G2(+2)/((SL(2, R)× SL(2, R)) as a function of the
same fields.
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1 Introduction
A number of self-gravitating field theories in D dimensions can be dimen-
sionally reduced to gravity-coupled sigma models in three dimensions [1, 2].
Such sigma models are harmonic maps from a 3-dimensional (Minkowskian
or Lorentzian) base space to a p-dimensional target space T . The target
space is generically a coset G/H, where G is the group of global isometries
of T , and H ∈ G the local isotropy subgroup. It is then possible to gen-
erate new solutions by applying a finite group transformation to the coset
representative of a seed solution [3, 4]. Another fruitful application is the
construction of multi-center solutions as totally geodesic submanifolds of the
target space [5].
The reduction ofD = 11 supergravity toD = 3 leads to theE8(+8)/SO(16)
sigma model [6, 7]. More recently, it was shown that the reduction of five-
dimensional minimal supergravity [8, 9] leads to the G2(+2)/SO(4) sigma
model [10, 11, 2, 12] in the case of a Lorentzian 3-space, orG2(+2)/((SL(2, R)×
SL(2, R)) for a Minkowskian 3-space. Matrix representations of this coset
were given in these papers in terms of the 14-dimensional adjoint represen-
tation. A representation of the same coset as a 7x7 matrix was given in
[13], however the parametrisation used leads to a matrix which is too com-
plicated to be used for solution generation. The purpose of this paper is
two-fold. First, we shall give an analytical construction of the 14 infinites-
imal isometries (or Killing vectors) of the target space for dimensionally
reduced five-dimensional minimal supergravity, and check that they gener-
ate the Lie algebra of the exceptional group G2
1. Then, we shall construct
a coset representative as a symmetrical 7× 7 matrix.
Our reduction from five to three dimensions follows essentially the same
path as in [10]. With a view for the paper to be self-contained, we outline
this reduction in Sect. 2. The result is the metric (2.12) for an eight-
dimensional target space T . The procedure followed in [10] to identify T
as the G2(+2)/SO(4) coset was to construct a matrix representative of this
coset in the adjoint representation of G2, and to show that the resulting
metric was isometric to (2.12). We shall instead follow a ‘bottom-up’ ap-
proach. In Sect. 3 we show that, taking into account the field-theoretical
construction of (2.12), we can identify nine manifest infinitesimal symme-
tries of this metric. Combining this information with the assumption that
the unknown symmetry group G must contain SL(3, R), which is the isom-
1These Killing vectors were previously determined, using a different parametrisation,
by a computer-assisted solution of the Killing equations [14].
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etry group for the vacuum sector (five-dimensional Einstein gravity reduced
to three dimensions)[15], we show that the minimal Lie algebra necessar-
ily closes to that of G2. We solve in Sect. 4 the Lie brackets involving
the five unknown generators, and determine these up to a single integration
constant. We then determine the value of this constant so that these five
generators are indeed Killing vectors of the metric (2.12). In Sect. 5, a
symmetrical 7×7 matrix coset representative is obtained by exponentiating
a Borel subalgebra. An alternative construction of the same matrix using
the nine manifest Killing vectors of Sect. 3 is sketched in the Appendix.
2 Five-to-three dimensional reduction
The bosonic sector of five-dimensional minimal supergravity is defined by
the Einstein-Maxwell-Chern-Simons action
S5 =
1
16πG5
∫
d5x
[√
|g(5)|
(
−R(5) −
1
4
Fµν(5)F(5)µν
)
− 1
12
√
3
ǫµνρσλF(5)µνF(5)ρσA(5)λ
]
, (2.1)
where F(5) = dA(5), µ, ν, · · · = 1, · · · , 5, and ǫµνρσλ is the five-dimensional
antisymmetric symbol. This leads to the five-dimensional Maxwell-Chern-
Simons and Einstein equations
√
|g(5)|DµFµν(5) =
1
4
√
3
ǫνρστλF(5)ρσF(5)τλ , (2.2)
Rµ(5)ν
− 1
2
R(5)δ
µ
ν =
1
2
Fµρ(5)F5νρ −
1
8
F 2(5)δ
µ
ν , (2.3)
where Dµ is the covariant derivative associated with the metric g(5)µν .
Assuming the existence of two Killing vectors, one can choose adapted
coordinates such that the five-dimensional metric and electromagnetic po-
tential depend only on three coordinates xi (i = 1, 2, 3) and split according
to:
ds2(5) = λab(dz
a + aai dx
i)(dzb + abjdx
j) + τ−1hijdx
idxj , (2.4)
A(5) =
√
3(ψadz
a +Aidx
i) , (2.5)
where a, b = 0, 1 (x4 = z0, x5 = z1), and τ ≡ |detλ|. The reduced metric
hij or its inverse h
ij will be used to lower or raise indices i, j, k, and we will
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denote by ∇j the associated covariant derivative. The ν = i components of
the Maxwell-Chern-Simons equations (2.2) can be written as
∇j
(
τ
[
F ij + aai∂jψa − aaj∂iψa
])
= ∇j
(
1√
h
ǫabǫijkψa∂kψb
)
, (2.6)
where Fij ≡ ∂iAj−∂jAi. This equation allows to dualize the vector magnetic
potential Ai to a scalar magnetic potential µ defined by
F ij = aaj∂iψa − aai∂jψa + 1
τ
√
h
ǫijkηk , ηk = ∂kµ+ ǫ
abψa∂kψb . (2.7)
Similarly, the µ = i, ν = a components of the Einstein equations (2.3) read
∇j
(
τλabG
bij
)
= −ǫijk∇j
(
1√
h
ψa
[
3∂kµ+ ǫ
bcψb∂kψc
])
, (2.8)
where Gbij ≡ ∂iabj − ∂jabi . This is integrated by
λabG
bij =
1
τ
√
h
ǫijkVak , Vak = ∂kωa − ψa
(
3∂kµ+ ǫ
bcψb∂kψc
)
, (2.9)
where ωa is the ‘twist’ or gravimagnetic two-potential [15]. It is then
straightforward to show that the µ = i, ν = j components of the five-
dimensional Einstein equations (2.3) lead to the following three-dimensional
Einstein equations:
Rij =
1
4
Tr(λ−1∂iλλ
−1∂jλ) +
1
4
τ−2∂iτ∂jτ − 1
2
τ−1V Ti λ
−1Vj
+
3
2
(
∂iψ
Tλ−1∂jψ − τ−1ηiηj
)
, (2.10)
where λ is the 2 × 2 matrix of elements λab, Vi the column matrix of el-
ements Vai, and Rij the Ricci tensor built out of the reduced metric hij .
These equations, together with the other field equations arising from the
dimensional reduction of the original five-dimensional field equations, derive
from the reduced action (up to a multiplicative constant)
S3 =
∫
d3x
√
h
(
−R+ 1
2
GAB
∂ΦA
∂xi
∂ΦB
∂xj
hij
)
, (2.11)
where the ΦA (A = 1, · · · , 8) are the eight scalar fields λab, ωa, ψa, and
µ. The action (2.11) describes the three-dimensional gravity coupled sigma
model for the eight-dimensional target space T with metric:
dS2 ≡ GABdΦAdΦB = 1
2
Tr(λ−1dλλ−1dλ) +
1
2
τ−2dτ2 − τ−1V Tλ−1V
+3
(
dψTλ−1dψ − τ−1η2
)
, (2.12)
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where
η = dµ+ ǫabψadψb , Va = dωa − ψa
(
3dµ+ ǫbcψbdψc
)
. (2.13)
3 The symmetry algebra
The Killing equations
JA;B + JB;A = 0 (3.1)
for the metric (2.12) constitute a system of 36 partial derivative equations
for eight unknown functions of eight variables. The analytical solution of
this system is possible in principle, but represents a formidable task which
is best adressed by computer [14]. However it is possible to find the Killing
vectors of (2.12) without explicitly solving (3.1) by using information on the
manifest symmetries coming from the field-theoretical construction of (2.12),
combined with information about the hidden symmetries of five-dimensional
pure gravity (the vacuum sector of five-dimensional minimal supergravity)
and with the Jacobi identities.
The manifest symmetries of T have two origins. First, the original gauge
invariances of (2.1) — diffeomorphism invariance for the five-dimensional
tensor fields g(5)µν and A(5)µ, and gauge invariance for the gauge field A(5)
— are broken by the dimensional reduction down to the corresponding dif-
feomorphism invariance for the three-dimensional tensor, vector and scalar
fields, together with GL(2, R) invariance (freedom of choice of two basis vec-
tors in the two-plane (z0, z1)) and residual gauge invariance for the ‘electric’
potentials ψa. Second, the duality equations (2.7) and (2.9) define the cyclic
coordinates µ and ωa only up to translations.
The corresponding infinitesimal symmetries lead to nine Killing vectors,
a GL(2, R) tensor, two vectors, and a scalar. The four components of the
mixed tensor
Ma
b = 2λac
∂
∂λcb
+ ωa
∂
∂ωb
+ δbaωc
∂
∂ωc
+ ψa
∂
∂ψb
+ δbaµ
∂
∂µ
(3.2)
generate linear transformations in the (z0, z1) plane obeying the gl(2, R)
subalgebra, [
Ma
b,Mc
d
]
= δbcMa
d − δdaMcb . (3.3)
The two-vector and the scalar associated with the the three cyclic ‘magnetic’
coordinates:
Na =
∂
∂ωa
, (3.4)
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Q =
∂
∂µ
(3.5)
follow the commutation relations[
Ma
b, N c
]
= −(δcaN b + δbaN c) , (3.6)[
Ma
b, Q
]
= −δbaQ , (3.7)[
Na, N b
]
= 0 , (3.8)
[Q,Na] = 0 . (3.9)
Infinitesimal gauge transformations of the ψa are generated by the two-
vector
Ra =
∂
∂ψa
+ 3µ
∂
∂ωa
− ǫabψb
(
∂
∂µ
+ ψc
∂
∂ωc
)
(3.10)
with the commutation relations[
Ma
b, Rc
]
= −δcaRb , (3.11)[
Na, Rb
]
= 0 , (3.12)
[Q,Ra] = 3Na , (3.13)[
Ra, Rb
]
= 2ǫabQ . (3.14)
An exact solution of the five-dimensional field equations (2.2), (2.3) is
A(5) = 0, corresponding to five-dimensional Einstein gravity. It is natural
to assume that the isometry group SL(3, R) [15] of the corresponding target
space ((2.12) with ψ = µ = 0) is a subgroup of the isometry group G of
the full target space. This means that there must exist two more ‘hidden’
Killing vectors La completing the subalgebra sl(3, R):[
Ma
b, Lc
]
= (δbcLa + δ
b
aLc) , (3.15)
[Na, Lb] = Mb
a , (3.16)
[La, Lb] = 0 . (3.17)
Adding to the known form of the SL(3, R) for five-dimensional Einstein
gravity the information from (3.16), we know that
La = ωaωb
∂
∂ωb
+ 2ωbλac
∂
∂λbc
+ ωbψa
∂
∂ψb
+ ωaµ
∂
∂µ
+τλab
∂
∂ωb
+ · · · (3.18)
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(the omitted terms are of order 0 in ωa). Commutation with Q,
[Q,La] = Pa , (3.19)
gives two more generators
Pa = ωa
∂
∂µ
+ · · · , (3.20)
which now adds up to 13 generators. Finally commutation with the Ra
should lead in principle to four more generators, a traceless tensor Sa
b and
a scalar T ,
[Ra, Lb] = Sb
a + δabT . (3.21)
At this stage we make the second, crucial, assumption that the algebra
Lie(G) is minimal and closes with a single scalar generator T (Sa
b = 0):
[Ra, Lb] = δ
a
bT . (3.22)
This gives
T = ωc
∂
∂ψc
+ 3µωc
∂
∂ωc
+ · · · . (3.23)
Now the full algebra can be found using the following three constraints:
1) Commutators must respect the Jacobi identities.
2) It follows from the Jacobi identities involving the traceless part ofMa
b
that the commutators of tensorial operators are tensors. The only constant
tensors are the Kronecker symbol δab and the antisymmetric symbols ǫ
ab and
ǫab.
3) It also follows from the Jacobi identities involving the trace Tr(M) ≡
Mc
c that commutators must respect dimension. The degrees (logarithmic
dimensions) of the various fields are, in a scale such that ωa has degree 1,
[ψa] = 1/3 , [µ] = [λab] = 2/3 , [ωa] = 1 . (3.24)
This leads to the degrees of the various Killing vectors[
Ma
b
]
= 0 ,
[Pa] = 1/3 , [R
a] = −1/3 ,
[T ] = 2/3 , [Q] = −2/3 ,
[La] = 1 , [N
a] = −1 . (3.25)
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The full algebra consists of the above commutation relations (3.3), (3.6),
(3.7), (3.8), (3.9), (3.11), (3.12), (3.13), (3.14), (3.15), (3.16), (3.17), (3.19),
(3.22) together with
[
Ma
b, Pc
]
= δbcPa , (3.26)[
Ma
b, T
]
= δbaT , (3.27)
[Na, Pb] = δ
a
bQ , (3.28)
[Na, T ] = Ra , (3.29)
[Q,Pa] = −2ǫabRb , (3.30)
[Q,T ] = Tr(M) , (3.31)
[Ra, Pb] = −3Mba + δabTr(M) , (3.32)
[Ra, T ] = 2ǫabPb , (3.33)
[La, Pb] = 0 , (3.34)
[La, T ] = 0 , (3.35)
[Pa, Pb] = 2ǫabT , (3.36)
[Pa, T ] = 3La . (3.37)
This is a rank 2 algebra which can be put in the Cartan-Weyl form, with
H1 =
M0
0 +M1
1
√
6
, H2 =
M0
0 −M11√
2
,
E1 =M0
1 , E−1 =M10 , α1 = (0,
√
2) ,
E2 =
1√
3
P0 , E−2 = 1√3R
0 , α2 = (
1√
6
,
1√
2
) ,
E3 =
1√
3
P1 , E−3 = 1√3R
1 , α3 = (
1√
6
,
−1√
2
) ,
E4 =
1√
3
T , E−4 = 1√3Q , α4 = (
√
2√
3
, 0) ,
E5 = L0 , E−5 = −N0 , α5 = (
√
3√
2
,
1√
2
) ,
E6 = L1 , E−6 = −N1 , α6 = (
√
3√
2
,
−1√
2
) ,
(3.38)
with α4 = α2+α3, α1 = α2−α3, α6 = α3+α4, α5 = α2+α4 = α1+α6. The
root space diagram is that of the 14-dimensional algebra Lie(G2). Note that
the roots are arranged in order of increasing degree, and that the hidden
symmetry generators (Pa, T , La) correspond to the five roots with positive
abscissa.
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4 Determination of the five hidden symmetries
Our strategy is to exploit the above commutation relations to determine the
uncompletely known Killing vectors La, Pa and T . First, the commutation
relations (3.29) and (3.31) can be solved to yield
T = ωbR
b + µ
[
2λbc
∂
∂λcb
+ ψb
∂
∂ψb
+ µ
∂
∂µ
]
+X , (4.1)
where
∂X
∂ωa
= 0 ,
∂X
∂µ
= 0 . (4.2)
The unknown X is parametrized by
X = XA∂A ≡ Xλcd
∂
∂λdc
+Xωc
∂
∂ωc
+Xψc
∂
∂ψc
+Xµ
∂
∂µ
. (4.3)
Then, relation (3.33) gives
Pa = −3µ2ǫab ∂
∂ωb
− 2µǫab ∂
∂ψb
− 2µψa
(
∂
∂µ
+ ψb
∂
∂ωb
)
+ωa
∂
∂µ
− ψa
(
λbc
∂
∂λcb
+ ψb
∂
∂ψb
)
− 1
2
ǫab
(
∂XA
∂ψb
∂A −Xµ ∂
∂ωb
)
+
1
2
Xψa
(
∂
∂µ
+ ψb
∂
∂ωb
)
+
1
2
ψaXψb
∂
∂ωb
. (4.4)
Inserting this in relation (3.32) gives a system of eight second order differ-
ential equations for eight unknown functions XA of two variables ψc (also
depending on the three “parameters” λcd):
[Ra, Pb] = −3ωb ∂
∂ωa
− 3ψb ∂
∂ψa
− δab
(
λcd
∂
∂λdc
− ψd ∂
∂ψd
+ µ
∂
∂µ
)
−1
2
ǫbc
(
∂2XA
∂ψa∂ψc
∂A − ∂Xµ
∂ψc
∂
∂ωa
− ∂Xµ
∂ψa
∂
∂ωc
)
+
(
∂Xψb
∂ψa
− 1
2
δab
∂Xψc
∂ψc
)(
∂
∂µ
+ ψd
∂
∂ωd
)
(4.5)
+
∂Xψc
∂ψd
(
δadψb −
1
2
δabψd
)
∂
∂ωc
−
(
Xψb
∂
∂ωa
− 1
2
δabXψc
∂
∂ωc
)
= −6λbc ∂
∂λca
− 3ωb ∂
∂ωa
− 3ψb ∂
∂ψa
+ δab
(
2λcd
∂
∂λdc
+ ψc
∂
∂ψc
− µ ∂
∂µ
)
.
The only inhomogeneous equation is
∂2Xλcd
∂ψa∂ψb
= 6ǫbe (δaeλcd − δacλde − δadλce) . (4.6)
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This is solved by
Xλab = 6ǫ
cdλ(acψb)ψd +Gab , (4.7)
where the symmetric tensor Gab depends only on the λcd (a component
linear in the ψd will not lead to a second order tensor). The only possibility
is Gab = f(τ)λab, and [f ] = [X] = 2/3 means that necessarily f(τ) ∝ τ1/2.
Such a fractional power can be reasonably excluded to occur in the Killings
of (2.12), leading to
Gab = 0 . (4.8)
Next, we turn to the component equation along ∂/∂ψb,
∂2Xψb
∂ψc∂ψd
= 0 , (4.9)
which is solved by
Xψb = Fb
c(λ)ψc (4.10)
(a term of degree 0 in the ψd would not lead to a vector). Only one mixed
tensor of the correct dimension can be constructed from λcd (without in-
volving fractional powers of τ), this is Fb
c = αǫcdλbd (α constant). Thus,
Xψb = αǫ
cdλbdψc . (4.11)
Inserting this into the component along ∂/∂µ and using the identity
ǫacλbc = τǫbcλ
ac (4.12)
(where the λac are the elements of the matrix λ−1) leads to the equation
∂2Xµ
∂ψa∂ψb
= 2ατλab , (4.13)
which is solved by
Xµ = ατλ
abψaψb + βτ , (4.14)
with β a new integration constant. Finally, the component along ∂/∂ωc
reads
∂2Xωc
∂ψa∂ψb
= 4ατ
[(
δbcλ
ad + δacλ
bd
)
ψd + λ
abψc
]
, (4.15)
which is solved by
Xωc = 2ατλ
abψaψbψc + γτψc , (4.16)
with γ a third integration constant.
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Now, the generators T and Pa are known up to three undetermined
constants:
T =
[
2µλbc + 6ǫ
deλbdψcψe
] ∂
∂λbc
+
[
3µωb + γτψb − ǫcdωcψbψd + 2ατλcdψbψcψd
] ∂
∂ωb
+
[
ωb + µψb + αǫ
cdλbdψc
] ∂
∂ψb
(4.17)
+
[
µ2 + βτ − ǫbcωbψc + ατλbcψbψc
] ∂
∂µ
,
Pa = [2λbcψa − 6λabψc] ∂
∂λbc
+
[
−3µ2ǫab + 3β − γ
2
τǫab − 2µψaψb − αǫcdλadψbψc
]
∂
∂ωb
+
[
−2µǫab + α
2
λab − ψaψb
]
∂
∂ψb
(4.18)
+
[
ωa − 2µψa − α
2
ǫcdλadψc
]
∂
∂µ
.
The remaining two generators La can then be computed from (3.37):
La =
[
2ωbλac + 2µ (λbcψa − 3λabψc) + 2ǫdeλbdψaψcψe
] ∂
∂λbc
+
[
ωaωb +
αγ
6
τλab − µ3ǫab + 3β − γ
2
µτǫab − µ2ψaψb
−αµǫcdλadψbψc + 8α
2 + 7(β − γ)
6
τψaψb + ατλ
cdψaψbψcψd
]
∂
∂ωb
+
[
−µ2ǫab + α
2
µλab +
7β − γ − α2
6
τǫab + ωbψa (4.19)
−µψaψb + α
2
ǫcdλbdψaψc
]
∂
∂ψb
+
[
µωa − µ2ψa − α
2
µǫcdλadψc +
α2 + β − γ
2
τψa +
α
2
τλbcψaψbψc
]
∂
∂µ
,
consistent with (3.15) (La is a vector of degree 1), (3.16) and (3.19). Com-
putation of the commutator [Ra, Lb] leads to
[Ra, Lb] = δ
a
b
{ [
2µλcd + 6ǫ
efλceψdψf
] ∂
∂λcd
11
+
[
3µωc +
(
α2 + 2β − γ
)
τψc
−ǫdeωdψcψe + 2ατλdeψcψdψe
] ∂
∂ωc
+
[
ωc + µψc + αǫ
deλceψd
] ∂
∂ψc
+
[
µ2 +
α2 + 5β − 2γ
3
τ
−ǫcdωcψd + ατλcdψcψd
] ∂
∂µ
}
, (4.20)
consistent with (3.22) provided
α2 + 2(β − γ) = 0. (4.21)
Finally there remains to check the commutation relations (3.17) (the re-
maining commutation relations will then be satisfied by virtue of the Bianchi
identities). A lengthy computation leads to
[La, Lb] = (3β − γ)τ
{
λ[acψb]
(
8ψd∂λcd −
2α
3
∂ψc
)
−ǫab
[
7
12
ατ(α − λdeψdψe) + 1
4
µ2
]
ψc∂ωc
+
α
2
τǫab
(
α
4
+ λdeψdψe
)
∂µ
}
, (4.22)
where we have taken (4.21) into account. So (3.17) is satisfied provided
β =
γ
3
=
α2
4
. (4.23)
We have thus obtained a realisation of Lie(G2) depending on an arbitrary
real parameter α. The reason for this arbitrariness may be traced to the fact
that the algebra (3.3), (3.6)-(3.9), (3.11)-(3.14) of the manifest symmetries
is invariant under the combined scale transformation ΦA → Φ′A with
λ′ab = λab , ψ
′
a = kψa , µ
′ = k2µ , ω′a = k
3ωa , (4.24)
depending on a real parameter k. The five hidden symmetries transform
according to their appropriate scales (P ′a = kPa, T
′ = k2T , L′a = k
3La)
provided the integration constant α is also rescaled to
α′ = k2α . (4.25)
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However the target space metric (2.12) is not invariant under the transfor-
mation (4.24):
dS′2 =
1
4
Tr(λ′−1dλ′λ′−1dλ′) +
1
4
τ ′−2dτ ′2 − 1
2
k6τ ′−1V ′Tλ−1V ′
+
3
2
(
k2dψ′Tλ′−1dψ′ − k4τ ′−1η′2
)
. (4.26)
Let us determine the value of α such that T is a Killing vector of the target
space metric (2.12) (relations (3.33) and (3.37) then imply that the La and
the Pa are also Killing vectors). The action of T leads to the first order
variations (written in matrix notation)
δλ = 2µλ+ 3(λJψ · ψ − ψ · ψJλ) , (4.27)
δω = 3µω +
3α2
4
τψ − (ωJψ)ψ + 2ατ(ψλ−1ψ)ψ , (4.28)
δψ = ω + µψ − αλJψ , (4.29)
δµ = µ2 +
α2
4
τ − (ωJψ) + ατ(ψλ−1ψ) , (4.30)
with Jab ≡ ǫab. This leads to
1
4
δ(λ−1dλ)2 = τ−1dτdµ + 3
(
ψλ−1dλJdψ + dψλ−1dλJψ
)
, (4.31)
1
4
δ(τ−1dτ)2 = 2τ−1dτdµ , (4.32)
1
2
δ(dψλ−1dψ) = 3 (ψJdψ)
(
ψλ−1dψ
)
+
(
dωλ−1dψ
)
+dµ
(
ψλ−1dψ
)
− α
(
dψλ−1dλJψ
)
, (4.33)
− 1
2
δ(τ−1η2) = − [dµ+ ψJdψ]
[
α2
4
τ−1dτ
+2τ−1 (ψJdω) + 2α
(
ψλ−1dψ
) ]
, (4.34)
− 1
2
δ(τ−1V λ−1V ) = τ−1 [3dµ + (ψJdψ)]
[
α (ψJdω) +
3α2
4
τ
(
ψλ−1dψ
) ]
−3α
2
4
(
dψλ−1dω
)
+ 2α
[(
ψλ−1dψ
) (
ψλ−1dω
)
−
(
ψλ−1ψ
) (
dψλ−1dω
)]
. (4.35)
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Collecting these, we obtain
δ(dS2) = 3
(
1− α
2
4
)
τ−1dτ
[
dµ+
(
ψJdψ
)]
+ 3
(
1− α
2
4
)(
dωλ−1dψ
)
+3(α− 2)τ−1
[
dµ +
(
ψJdψ
)](
ψJdω
)
+3(2− α)
(
dψλ−1dλJψ
)
+ 3
(
1− 2α+ 3α
2
4
)
dµ
(
ψλ−1dψ
)
+3
(
3− 2α+ α
2
4
)(
ψJdψ
)(
ψλ−1dψ
)
+3
[(
ψλ−1dλJdψ
)
−
(
dψλ−1dλJψ
)
− τ−1dτ
(
ψJdψ
)]
+2α
[(
ψλ−1dψ
)(
ψλ−1dω
)
−
(
ψλ−1ψ
)(
dψλ−1dω
)
−τ−1
(
ψJdψ
)(
ψJdω
)]
. (4.36)
The last two terms in square brackets vanish identically, while the remaining
terms vanish provided
α = 2 , β = 1 , γ = 3 . (4.37)
5 Coset representative
In this section we assume for definiteness that the original five-dimensional
metric g(5)µν is Lorentzian, one of the two Killing vectors of the original
five-dimensional theory (2.1) being timelike (the corresponding solutions
are stationary) and the other being spacelike. The reduced metric hij is
then Euclidean and the matrix field λ has signature (+−). In the vacuum
sector (ψa = 0, µ = 0), the target space metric (2.12) reduces to that of
the five-dimensional symmetric space SL(3, R)/SL(2, R) [15], with signature
(+++−−). The full eight-dimensional metric (2.12), with signature (++
++−−−−), is that of the symmetric space G2(2)/((SL(2, R)× SL(2, R)).
This coset was constructed in [10] in terms of the 14-dimensional adjoint
representation of G2(2). We present here a more convenient representation
(previously published without details in [14]) in terms of symmetrical 7× 7
matrices.
The matrix representatives jM (M = 1, · · · , 14) of the real form of
Lie(G2) may be derived from the Z matrices of [16] by omitting i’s. Their
14
generic block decomposition is
j =

 S V˜
√
2U
−U˜ −ST √2V√
2V T
√
2UT 0

 , (5.1)
where S is a 3 × 3 matrix, U and V are 3-component column matrices,
UT and V T the corresponding transposed row matrices, and U˜ , V˜ are the
3 × 3 dual matrices U˜ij = ǫijkUk. The matrices mab, na and ℓa generating
SL(3, R) are of type S, the corresponding 3× 3 blocks being
Sm00 =

 1 0 00 0 0
0 0 −1

 , Sm01 =

 0 1 00 0 0
0 0 0

 ,
Sm10 =

 0 0 01 0 0
0 0 0

 , Sm11 =

 0 0 00 1 0
0 0 −1

 ,
Sn0 =

 0 0 00 0 0
−1 0 0

 , Sn1 =

 0 0 00 0 0
0 −1 0

 , (5.2)
Sℓ0 =

 0 0 10 0 0
0 0 0

 , Sℓ1 =

 0 0 00 0 1
0 0 0

 .
The matrices pa and q are of type U , the corresponding 1× 3 blocks being
Up0 =

 10
0

 , Up1 =

 01
0

 , Uq =

 00
−1

 . (5.3)
The matrices ra and t are of type V , the corresponding 1× 3 blocks being
Vr0 =

 10
0

 , Vr1 =

 01
0

 , Vt =

 00
1

 . (5.4)
Due to the form of (5.1), the transposed matrices jTA are related to the
original matrices jA by
jTA = −KjAK , (5.5)
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where the involution K has the block structure
 0 1 01 0 0
0 0 −1

 . (5.6)
A representative N(ΦA) of the coset G/H (here G = G2(2) and H =
SL(2, R)× SL(2, R)) transforms by global right action of G and local right
action of H:
N(Φ)→ h(Φ)N(Φ)g (5.7)
(g ∈ G, h(Φ) ∈ H). The corresponding infinitesimal transformation is
JMN(Φ) = N(Φ)jM + q
α
M (Φ)kαN(Φ) , (5.8)
where JM , M = 1, · · · , 14 are Killing vectors acting as differential operators,
jM are the corresponding matrices of the Lie(G) algebra, yα, α = 1, · · · , 6
are generators of the isotropy subalgebra Lie(H) and qαM (Φ) are gauge func-
tions. The gauge can be fixed so that for a suitably chosen Borel subalgebra
M = A = 1, · · · , 8 the functions qαA(Φ) vanish, and the corresponding subset
of the equations (5.8) reduces to
JAN(Φ) = N(Φ)jA . (5.9)
From a solution N(Φ) of (5.9), one then constructs the gauge-independent
symmetrical matrix ,
M = NT ηN , (5.10)
where η is a constant symmetrical matrix invariant under the isotropy sub-
group H,
ηT = η , hT ηh = η . (5.11)
The matrix M(Φ) is invariant under the local action of H and transforms
tensorially under the global action of G,
M(Φ)→ gTM(Φ)g . (5.12)
The σ-model current
J =M−1dM (5.13)
constructed from the coset representativeM(Φ) is invariant under the action
of G. The target space metric (2.12) is given in terms of this current by
dS2 =
1
4
Tr(J 2) . (5.14)
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Consequently, the current J is conserved by virtue of the field equations
deriving from the gravitating σ-model action (2.11)
1√|h|∂i
(√
|h|hijJj
)
= 0 . (5.15)
Note that the definition of the matrix M(Φ) is not unique, as the current
(5.13) is invariant under M(Φ) → PM(Φ) (P ∈ G). For instance a group
equivalent coset representative is
M ′ ≡ KM = N−1η′N (η′ = Kη = ηK) , (5.16)
using NT = KN−1K which follows from exponentiating (5.5).
It is convenient to choose as generators of the Borel subalgebra eight of
the manifest symmetry generators, i.e. three independent components of
Ma
b together with the two Na, Q and the two Ra. A covariant solution of
the first three equations (5.9) would involve trading the two-metric λab for a
zweibein ǫa
i. We shall bypass this by noting that, due to the structure (5.1)
of the matrix generators, the vacuum (ψ = µ = 0) matrix M is of the form
M1 =

 χ 0 00 χ−1 0
0 0 1

 , (5.17)
with χ the SL(3, R)/SL(2, R) coset representative[15]
χ =
(
λ− τ−1ωωT τ−1ω
τ−1ωT −τ−1
)
, (5.18)
where λ is a 2 × 2 block, and ω a 2-component column matrix. Thus the
static (ω = 0) vacuum matrix M is
M0(λ) = N(ǫ)
T ηN(ǫ) =


λ 0 0 0 0
0 −τ−1 0 0 0
0 0 λ−1 0 0
0 0 0 −τ 0
0 0 0 0 1

 . (5.19)
The next three equations
∂
∂ωa
N = Nna ,
∂
∂µ
N = Nq (5.20)
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are readily integrated to:
N(ǫ, ψ, µ, ω) = N(ǫ, ψ)eµqeωan
a
. (5.21)
The exponentials in (5.21) are easily computed as the matrices µq and ωn ≡
ωan
a are nilpotent,
eµq =


1 0 0 0 0
0 1 0 µ2 −√2µ
µJ 0 1 0 0
0 0 0 1 0
0 0 0 −√2µ 1

 , e
ωn =


1 0 0 0 0
−ωT 1 0 0 0
0 0 1 ω 0
0 0 0 1 0
0 0 0 0 1

 ,
(5.22)
where again the first and third rows and columns are double, and
J =
(
0 1
−1 0
)
. (5.23)
Let us now show that the last two equations
RaN = Nra (5.24)
are solved by
N(Φ) = N(ǫ)eψar
a
eµqeωan
a
. (5.25)
Again, the matrix ψar
a is nilpotent, so that
eψr =


1 0 0 −Jψ 0
0 1 −ψTJ 0 0
ψψT 0 1 0
√
2ψ
0 0 0 1 0√
2ψT 0 0 0 1

 . (5.26)
This can be used to show that
[
Ra, eψr
]
=
∂
∂ψa
(eψr) = eψr
[
ra + ǫabψb(q + ψcn
c)
]
. (5.27)
Using this, together with the commutator,
[ra, eµq] = −3eµqµna , (5.28)
we obtain successively
Raeψreµqeωn = eψr
[
ra + ǫabψb(q + ψcn
c) +Ra
]
eµqeωn
= eψr
[
ra + 3µNa − ǫabψb(Q− q + ψc(N c − nc))
]
eµqeωn
= eψreµq
[
ra + 3µ(Na − na)− ǫabψbψc(N c − nc)
]
eωn
= eψreµqeωnra . (5.29)
The final result for the matrix M is
M(Φ) = eωn
T
eµq
T
eψr
T
M0(λ)e
ψreµqeωn. (5.30)
It follows from (5.1) and (5.19) that the matrixM has the symmetrical block
structure
M =

 A B
√
2U
BT C
√
2V√
2UT
√
2V T S

 , (5.31)
where A and C are symmetrical 3× 3 matrices, B is a 3× 3 matrix, U and
V are 3-component column matrices, and S a scalar. It also follows from
(5.5) that the inverse matrix is given by
M−1 = KMK =

 C B
T −√2V
B A −√2U
−√2V T −√2UT S

 , (5.32)
Computation of the product (5.30), with the matrices (5.19), (5.22) and
(5.26) gives the coset matrix M in the form (5.31), with
A =


[
(1− y)λ+ (2 + x)ψψT − τ−1ω˜ω˜T
+µ(ψψTλ−1J − Jλ−1ψψT )
] τ−1ω˜
τ−1ω˜T −τ−1

 ,
B =

 (ψψT − µJ)λ−1 − τ−1ω˜ψTJ
[
(−(1 + y)λJ − (2 + x)µ+ ψTλ−1ω˜)ψ
+(z − µJλ−1)ω˜]
τ−1ψTJ −z

 ,
C =


(1 + x)λ−1 − λ−1ψψTλ−1 λ−1ω˜ − J(z − µJλ−1)ψ
ω˜Tλ−1 + ψT (z + µλ−1J)J
[
ω˜Tλ−1ω˜ − 2µψTλ−1ω˜
−τ(1 + x− 2y − xy + z2)]

 ,
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U =
(
(1 + x− µJλ−1)ψ − µτ−1ω˜
µτ−1
)
,
V =
(
(λ−1 + µτ−1J)ψ
ψTλ−1ω˜ − µ(1 + x− z)
)
,
S = 1 + 2(x− y) ,
(5.33)
with
ω˜ = ω − µψ . x = ψTλ−1ψ , y = τ−1µ2 , z = y − τ−1ψTJω˜ . (5.34)
6 Conclusion
We have shown that the isometry algebra of the target space for five-
dimensional supergravity reduced to three dimensions is that of G2 by com-
bining knowledge about the manifest symmetries (gauge invariances) of the
theory with the SL(3, R) invariance of the vacuum sector. We have then
solved the Lie brackets to determine the generators of the hidden symmetries
in terms of the field variables, and constructed a symmetrical 7 × 7 matrix
representative of the coset G2(+2)/((SL(2, R) × SL(2, R)) as a function of
the same fields.
This coset representative was used in [14] to generate a doubly-rotating
charged black ring through the action of a group transformation (5.12) on a
neutral 5D black ring with two angular momenta [17, 18]. After completion
of the present work, several related papers appeared. The geometry of the
symmetric space G2(2)/SO(4) was studied in great detail in [19], where in
particular the Iwasawa parametrization of the coset and the Killing vectors
were also given explicitly. This approach was applied in [20] to the anal-
ysis of the supersymmetry constraints associated with a number of black
hole solutions to gauged and ungauged 5D supergravity. BPS and non-
BPS multi-centered attractor flows were constructed in [21], following the
procedure advocated in [5].
These works certainly do not exhaust the potentialities of the sigma-
model approach for generating solutions of five-dimensional supergravity. In
[22], it was shown that stationary solutions to the four-dimensional Einstein-
Maxwell equations can be generated from static solutions by a combination
of SU(2, 1) group transformations and global coordinate transformations.
This procedure can be extended to generate new stationary solutions of
five-dimensional supergravity, which contains a four-dimensional Einstein-
Maxwell sector [23]. In unrelated recent work, SL(3, R) transformations
were also used to generate stationary solutions of five-dimensional gravity
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from static solutions [24], and to construct a static black ring with Kaluza-
Klein monopole charge [25]. It would be interesting to extend these tech-
niques to the case of five-dimensional supergravity.
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Appendix
We first constructed the coset representative matrix M(Φ) using a different
procedure. Dualise the Killing vectors JM = JM
A∂/∂ΦA to the Killing
one-forms
J¯M = GABJM
AdΦB , (A.1)
where GAB is the target space metric (2.12). The matrix current (5.13) is
proportional to the Killing product of these one-forms with the matrices jM :
M−1dM = J ≡ 8
∑
M
ηMN J¯M jN , (A.2)
where ηMN is the inverse of the Killing metric ηMN = 4Tr(jM jN ). In the
present case, the current (A.2) is given by
J =
(
M¯ab −
1
3
δabTrM¯
)
ma
b + N¯anaT + L¯aℓa
T
+
1
3
(
R¯araT + P¯apa
T + Q¯qT + T¯ tT
)
. (A.3)
The target space metric can be read off from (2.12):
Gλacλbd =
1
2
(λ(abλc)d + λacλbd) ,
Gωaωb = −τ−1λab ,
Gωaµ = 3τ
−1λabψb ,
Gµµ = −3τ−1(1 + 3λabψaψb) , (A.4)
Gωaψb = −τ−1λacǫbdψcψd ,
Gµψa = 3τ
−1(1 + λcdψcψd)ǫ
abψb ,
Gψaψb = 3
[
λab − τ−1(1 + 1
3
λcdψcψd)ǫ
aeǫbfψeψf
]
.
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This leads to the Killing one-forms:
M¯ ba =
b
(
λ−1dλ+ τ−1dτ − τ−1
[
λ−1dωωT + ωTλ−1dω
−(3µ − JψψT )ψTλ−1dω
]
+ 3τ−1
[
λ−1ψωT + ωTλ−1ψ
−µ(1 + 3ψTλ−1ψ) + JψψT (1 + ψTλ−1ψ)
]
dµ
+3λ−1dψψT + τ−1
[
(λ−1ψωT + ωTλ−1ψ)
−3µ(1 + ψTλ−1ψ) + 3JψψT (1 + 1
3
ψTλ−1ψ)
]
ψTJdψ
)
a
,
N¯a = a
(
− τ−1λ−1
[
dω − ψ(3dµ + ψTJdψ)
])
, (A.5)
Q¯ = 3τ−1
[
− (1 + 3ψTλ−1ψ)dµ + ψTλ−1dω − (1 + ψTλ−1ψ)ψT Jdψ
]
,
R¯a = a
(
3λ−1
[
dψ − τ−1µ(dω − ψ(3dµ + ψTJdψ))
]
+3τ−1Jψ
[
(2 + 3ψTλ−1ψ)dµ − ψTλ−1dω
+3(2 + ψTλ−1ψ)ψT Jdψ
])
(the last five Killing one-forms will not be used in the following).
We solved the system of partial differential equations (A.2) in special
cases. In the vacuum sector (µ = ψ = 0), the symmetrical solution is the
Maison matrix (5.18)
M1(λ, ω) = e
ωnTM0(λ)e
ωn . (A.6)
In the magnetostatic sector (ω = ψ = 0), the symmetrical solution is
M2(λ, µ) = e
µqTM0(λ)e
µq . (A.7)
We only give here details on the solution in the electrostatic sector (ω =
µ = 0). The symmetrical matrix M3 solves the equation
M−13 dM3 = J3, (A.8)
where J3 is obtained from J by setting ω and µ as well as dω and dµ to
zero. This equation constrains the tensorial characters and degrees of the
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various matrix elements of M to be (in 5× 5 notation)
M =


Mab Ma3 Ma
b Ma
3 Ma
M3b M33 M3
b M3
3 M3
Mab M
a
3 M
ab Ma3 Ma
M3b M
3
3 M
3b M33 M3
Mb M3 M
b M3 M

 (A.9)
(there should be no confusion between these matrix elements and the Killing
vectors Ma
b), and
[M ] =


2/3 −1/3 0 1 1/3
−1/3 −4/3 −1 0 −2/3
0 −1 −2/3 1/3 −1/3
1 0 1/3 4/3 2/3
1/3 −2/3 −1/3 2/3 0

 . (A.10)
These in turn severely constrain the possible dependence of the matrix ele-
ments which must be built from the fields λab, ψa, τ = detλ (recall [λ] = 2/3
and [ψ] = 1/3), and the constant tensors ǫab, δ
b
a and ǫ
ab, with dimensionless
coefficients depending on the only dimensionless scalar x ≡ ψTλ−1ψ.
Combining this information with the constraint that the matrix M3 and
its inverse are related by (5.32), we can determine this matrix by solving
only part of the equations (A.8). The following matrix solves the equations
(A.8) for the components ma
b, naT , raT and qT :
M3 =


λ+ (2 + x)ψψT 0 ψψTλ−1 −λJψ √2(1 + x)ψ
0 −τ−1 τ−1ψTJ 0 0
λ−1ψψT −τ−1Jψ (1 + x)λ−1 − λ−1ψψTλ−1 0 √2λ−1ψ
ψTJλ 0 0 −(1 + x)τ 0√
2(1 + x)ψT 0
√
2ψTλ−1 0 1 + 2x

 .
(A.11)
This is of the form (5.31) with the blocks given by (5.33), and can be split
up as the product
M3(λ, ψ) = e
ψrTM0(λ)e
ψr, (A.12)
where the matrix eψr is given in (5.26).
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